Pion and Kaon Electromagnetic Form Factors in 
a SUl(3) <S> SUr(3) Effective Lagrangian 

Yun Chang Shin 1 ), Bong Soo Han x \ Myung Ki Cheoun 1,2 )* 

K.S Kim 1 ), Il-Tong Cheon V 
1) Department of Physics, Yonsei University, Seoul, 120-749, 

Korea 

2) IUCNSF, Seoul National University,151-742 Korea 
15 July, 2000 



Abstract 

A SU(2) effective lagrangian is extended to a SUl(3) <S>SUr(3) by in- 
cluding the vector and axial vector meson. With this effective lagrangian, 
electromagnetic form factors of charged pion and kaon are calculated in 
both time and space like regions. The pseudoscalar meson loops are taken 
into account. Good agreement with experimental data is obtained for 
those form factors and charged pseudoscalar meson radii. Decay widths 
of p — > tt7v and <f> — » K + K~ are also calculated and shown to agree with 
experimental data very well. 



1 Introduction 

At energy below 1 GeV, the vector meson plays an important role in elec- 
tromagnetic interactions of the hadron. The vector meson dominance model 
(VMD) has been proved remarkably successful in the description of electromag- 
netic form-factors and decays of the hadron, although it is a phenomenologi- 
cal approach. Many approaches, such as a hidden gauge symmetry approach 
(HGS)|Q|, a massive Yang-Mills approach (MYM)||, and so on, have been de- 
veloped to include the vector meson in a fundamental manner. By taking higher 
order terms into account, redefining suitable field and adjusting parameters, all 
of the model can be shown to be equivalent H . However, a simple addition of 
higher order terms is not a convenient method for those calculations. In our 
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previous paper we have proposed an effective chiral Lagrangian for the de- 
scription of vector and axial- vector mesons by considering all the relevant sym- 
metries and the low-energy constraints from chiral perturbation theory (ChPT). 
In that paper, relevant experimental data are reproduced with only mass terms 
and kinetic terms of spin-1 meson fields. The spin-1 mesons are introduced in 
the non-linear realization of chiral symmetry, with which it is easy to check con- 
sistency with chiral perturbation theory. In constructing our model Lagrangian, 
we have stressed simplicity. Only mass terms and kinetic terms of spin-1 meson 
fields are necessary to meet experimental results. In some approach, such as 
0(p 4 ) order expansion of ChPT, £2 lagrangian gives loop contribution as well 
known ||, which helps a good phenomenological description. But our effective 
lagrangian theory, which is aimed for large energy process, uses 0(p 2 ) expansion 
because most of the higher order contributions in other approaches are incor- 
porated by a single change in the kinetic terms of vector field with only one 
parameter in our model. Since full reviews concerning effective theories and 
their relationships to other approaches can be found in other papers [|[ ||, we 
skip them here. 

In this paper our previous lagrangian, with a brief summary, is extended 
to SU(3) in section 2. In section 3, the electromagnetic pion and kaon form 
factors and some related decays with this lagrangian are presented with detailed 
discussions. A brief summary is done at the final section. 

2 Lagrangian 

Our lagrangian consists of a pseudoscalar meson sector £(ir), a spin-1 vector 
and axial vector meson sector £(V,A), and a term of interactions with scalar 
particles £3, which comes from mass splittings in SU(3) extension, i.e., 

£ = £(tt) + £(V, A) + £ s . (1) 

The lagrangian for the pseudoscalar meson sector, which is a leading Lagrangian 
of the ChPT, is given as 

£(tt) = t(D^D^U) + ^(U^x + X^U) , (2) 
D„U = dJJ - + a M ) U+iU (v„ - a M ) , (3) 

where bracket denotes a trace in flavor space, / is a pseudoscalar meson decay 
constant, chiral field U = exp(i27r//) with tt = T a n a , T a = X a /2(a = 1, 2, ...8). 
External gauge fields are introduced via and a^. The x is defined by x = 
2Bq(S + iV). Explicit chiral symmetry breaking due to current quark masses 
can be introduced by treating those masses as if they were uniform external 
scalar field S§]. 
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Under a local SU(Nf) x SU(Nf) gauge transformation, U — > g^U g\, x an d 
transform as U does. The above Lagrangian is invariant provided that the 
external gauge fields transform as 

*V + <V _> + ~ id n9R ■ 9r , 

fy-fy -> 9l(v^- a^gl- id^gL- g' L , 

S + iV -» + • (4) 



The non- linear realization of chiral symmetry is expressed in terms of u = v J7 
and /i = h(u, gu, g^) defined from u — > gpuh^ — hug^ L . In this realization, we 
naturally have the following covariant quantities 

i 11 

«r M = -(vtd^U + ud M vt) + -w(y M + a^)u + - a AI )u f , 

i ,1 1 

iA M = -(u'd^u - ud^u') + -u^(v^ + a^)u - -u(v^ - a^u' , 

X+ = u*xiJ + uxu , (5) 

whose transformations are carried out in terms of h, i.e., — > hT^h^ — d^h ■ h\ 
A p — » hAnh', and x+ h-x+h) . With these quantities, the Lagrangian in 
eq.(2) can be rewritten as 

£(7r) = / 2 (zA^) + ^( x+ ). (6) 
As for the massive spin-1 mesons, we include only the mass and kinetic terms Q 

£(U,A)=m^((^-^) 2 )+mi((A^^) 2 >-i(( G V) 2 >-i((^) 2 ) (7) 
9 9 z L 



with 



G 



V = dpVv - d„V» - ig[V^ V v ] - iG[A^A v ] , 
A\iv = B^Au-duA^-ig^A^-iglA^Vu] , (8) 

where — T a V^(A^ — T a A^) denotes spin-1 vector (axial-vector) meson field 
and g denotes a Vmr coupling constant. The chiral transformation rules of 
spin-1 fields are expressed in terms of h 

- hV^h) - -d^h • frt , A„-> hApht. (9) 

Note that we have introduced a new form of V^„. The chiral symmetry is 
preserved for any value of G at chiral limit in V^„, so that the value of G 
cannot be determined from the chiral symmetry. If G is equal to g as in the 
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HGS approach, the result may reproduce experimental data by including other 
higher order terms. 

The Cs term is introduced in the following way. It considers effects coming 
from mass splittings of strange and non-strange particles in terms of interaction 
Lagrangians between scalar particles and other mesons (pseudoscalar, vector 
and axial- vector mesons). In the presence of the interaction, scalar particle field 
S satisfies the Klein-Gordon equation Sd^d^S + M S S 2 = —2SJ, where SJ is a 
source term for the S field due to the interaction. If we assume that the kinetic 
term of the scalar particle is small enough to neglect because it is massive fl8f , 
and integrate out the S field from the generating function, 

Zs = do exp s ( (10) 



the resulting lagrangian is expressed as follows 
1 ,,,, 1 



C S = T^(J 2 > = TT2 (J'' + 2 -W + Jtc) , (H) 



Mp 1 M% 



where 

J' = (J- Jvac) = -^s m ^(7r 2 M + Mir 2 + 2-kMk) + M s j , 

j = s d (iA^) 2 + s v (gV ll -iT^) 2 + s A (gA ll ~irA^) 2 
+s r {iA",gA^-irA f ,} , 
Jvac = M s s m B M . (12) 

Here M is the current quark mass matrix (we assume that masses of u and d 
quarks are equal), which is given as 

M a = 2B Q {^=a + P), 
D f m for a = 1,2,3 

— ^a + [3 = I |(m + m s ) for a = 4, 5, 6, 7 (13) 
2 ^ 3 [ |(m + 2m s ) for a = 8 . 

Bq is a constant related to the scalar quark condensation, j stands for the 
interaction, on which Sd, sy, sa, s r , and s m are free parameters. It should 
be noted that the above Lagrangian consists of an interaction between scalar 
and pseudoscalar (M s nM...), scalar and vector mesons (M s j), and contributions 
from vacuum (M s BoM). In eq. (11), we only consider the terms with double 
and triple field products, so that we can write down Cs as follows 

- ~\{ S f) 2 {M)l(* a ? + \ Sm M a f, (14) 

where M 2 = i(25 a) 2 <5 8a + M 2 . 
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2.1 Mixings 

There are some unphysical mixings in the lagrangian, which can be removed 
by field redefintion. First, let us consider a nonet mixing. For vector bosons the 
nonet symmetry is good more or less. To simplify the calculation, we use this 
symmetry i.e., to and (f> mesons are written as [ flT| 



3«V 



-V* 



3^1 



(15) 



For the mixing between axial vector mesons and pion fields, we define A as 



A' 



(16) 



Through this field redefinition, a new term which is not renormalizable appears 
in kinetic part. Therefore, in order to keep the kinetic terms as the same 
as before under this field redefinition, we also redefine vector meson field as 
follows fk 



V 2g 2 f 2 



fabcK 9 M 7r C . 



(17) 



Finally, we consider the mixing between the vector meson and a photon field. 
The photon field enters through the external vector field — eQA" n , where 
Q = T 3 + |. The unphysical mixing related to photon field can be removed by 
the following field and charge redefinitions B O] 



V u 



a em 



v„ 



-QA™ 



A™ 4 /l 



pll 

-Q 2 
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2.2 Effective Lagrangian 



In expanding our lagrangian, we choose only photon, pseudoscalar meson 
and vector meson parts. The lagrangian is, then, simply summarized as 



C = 



(1 



" l Va 



-eQf abc A a ydV 



-)f abc V^ b d^ c 
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-\{d»v v - dvVrf - - A {d^A v - d v Arf 

^9 

- l -ml a ^+ l -d^d^\ (18) 

l Va — 9 2 (fv + s mSt)M a ) and and A p stand for redefined fields 
and A^ 71 . In order to determine pseudoscalar meson mass and decay constants, 
we exploit the following covariant quantities 

m%a = (Ma + { S -j) 2 M a 2 )/Zl a , f a = Z va f 



with Zl a = (l + SmSd ^L) . (19) 



Mass splitting between non-strange particles and strange particles is gener- 
ated from interaction theses fields with scalar field which is given by eq. (14). 

2.3 Comparison with ChPT 

For processes with small momentum transfer, massive degree of freedom can 
be integrated out leaving an effective Lagrangian of pions and external fields, 
which can be compared with the Lagrangian of ChPT. By this comparison, we 
can check consistency of our Lagrangian at low energy. 

To the order we consider, we can integrate out massive degree of freedom by 
replacing the massive fields by their zero-th order solutions, 

- -ir„ 

9 

A„ -» (20) 

Then the resulting effective Lagrangian has the form 
C = £(tt) 

+ ^<(F„+r 2 G[A Al ,A„]) 2 >+^<A^> (21) 



with 



= d^/Sy — d v A' i + [F M , A"] - [T", A M ] 
= d^T v — d v T tl + [F M , T"] 

= -[A^,AH-^(^re-^r^) (22) 



G 



and 

F% R = a^/T/l-^KTa 11 ) 

- iKT^./Ttt"]. (23) 

For easy comparison, we list the contribution to the coefficient of £4: 

1 

3V 



LX = ^(l-Gr 2 )U^2Lr,^ = -6Lr, 



t v — n Cr 2 \ 2 t v - 1 h v - 1 t v 
^9 - 4g2 \ L - ur ) '^10 - ~ 4 2^1 - 2 10 ' 

which are equivalent with Ecker et.al.'s expressions (eqs.(5.6) and (5.9) of ref. 0) 
with the following correspondence of parameters between the two formula, 
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Gr 



My 

2 ~~ 2Gy 



F A M v 
F v Ma ' 



(25) 



where Fy, Gy, Fa, My ~ my and ~ are the parameters introduced by 
them. 



3 Pion and Kaon Electromagnetic Form Factor 

The pion form-factor in the time-like region is dominated by the p-meson res- 
onance. Likewise to the pion the kaon form- factor is influenced mainly by the 
<fi- meson. But the contribution of p-u> meson mixing is also important. With the 
effective lagrangian in section 2, we improve the analysis of both form- factors. 
The pseudoscalar meson loops are also taken into account. 



3.1 The p meson self energy 

From the effective lagrangian, V-7r interaction term (the 2nd term in eq.(18)) 
generates a vector current of pion as 

JL d = ^ + d^--n-d^ + ). (26) 

This coupling to the p- meson field produces the self energy as shown in Fig 1, 
which is calculated as 

- m ^ = q 2 [JlL. (2r-g)"(2r-gr (27) 

yp ™ J (2tt) 4 (p 2 -ml+ ic)((p - 9)2 - ml + ie) ' [ 1 
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The p meson coupling to a conserved current implies that the self energy is 
transverse, i.e., 

q^{q)=q„W»{q) = 0. (28) 

This property, combined with Lorentz invariance, uniquely determines the ten- 
sor structure of the self energy 

W u = (_ gf >u + )n((?2) (2Q) 

The full propagator of p meson is then given as 

fl-. + + (30) 
q 2 -m 2 - Il p q 2 m 2 q 2 



Here, the bare p meson mass, m p , is introduced so that its physical mass is 
given by 

Since the full propagator of p meson is given as eq.(30), the p — > 7T7r decay width 
at resonance is given as 



m%=rh 2 p + Re[U p (q 2 = m 2 )}. (31) 



Tp^TTTr = -lmll p (q 2 = m 2 p )/m p . (32) 

3.2 Regularization 

To calculate the self energy of Fig. 1, we use a Pauli-Villars regularization method [fl0[ 
The regularized self energy is given as 

W(q) = U^(q, m„) - £ (q, A,) . (33) 

Once the fictitious higher masses A, are fixed, the coefficients Bi are determined 
by requiring that the self energy be finite. Since this term, in its unregularized 
form, is quadratically divergent, we need two subtractions and obtain 

TYl 2 A^ TRy 2 

Bl = A^Af ' B2 = Af^Af ■ (34) 

Then, from the conditions that A 2 goes to infinite and Ai is fixed to 1 GeV, 
regularized self energy is obtained as follows 

Rc [n] = -^q 2 (G(q,m n )-g(q,A 1 )+4(A 2 -ml)/q 2 +ln(^ ) 
ZAir^ \ m„ 

Imp] = 

1 487 



-q 2 ( (1 - ^#) 3/2 e(<z 2 - Ami) - (1 - ^) 3/ W - 4A?)) 
7T \ <T q J 



(35) 
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where 



-l 



9 = (^-l) 3 / 2 arctan(J^-l ), < q 2 < 4mJ 



q 2 V g 2 



4(l-^) 3/2 ln V ^" 1 + 1 , q 2 <0. 



3.3 Renormalization 



We consider a p meson renormalization process. Expanding the transverse part 
of the p meson propagator around the physical mass m p , we have 

1 v 

(36) 



q 2 -m 2 p -Ii p {q 2 ) (q 2 - m? p ) - iZlmU p (q 2 ) ' 
where Z is a renormalization constant given by 

Z=(l- -^ReU p (q 2 ) l^ml))- 1 - (37) 

Here we introduce a bare coupling constant g pir7r which is related to the physical 
coupling constant g p7T7r by g p7T7T = Z x l 2 g plTlx . With the condition Z = 1, which 
means that the real part of the self energy is completely absorbed by shifting 
the bare mass m p to its physical value m p with coupling constant g pw7r remained 
unaltered, we can determine a new condition 

^Rcllp | (9 2 =ro 2 )= 0. (38) 

In order to satisfy this condition, we need to add an arbitrary constant term 
c v q 2 in real part of the self energy, where c w is given by 

C - 5 - 77 y V . (39) 
3.4 Pion Electromagnetic Form-factor 

The electromagnetic pion form-factor is defined by the following matrix element 

(Tr^fcOl J^mn^k)) = ±(k + k')^ 2 ). (40) 

The leading term of F^^q 2 ) obtained from £ 77r , £ 7 y, (3rd and 5th terms, re- 
spectively) in the lagrangian, is expressed in the following way 

g q 2 -m 2 + im p Y p 
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where g is a bare coupling constant which does not consider the loop effect. m p 
and rhp are means of p meson and bare p meson, respectively. The relation of 
both masses is given by eq.(31). Introducing the pinr self energy in Fig. 2, we 
obtained 



fAq 2 ) = i 



9p7T7T Q Hp 



g q 2 — m 2 — H p q 2 — m 2 — H p 

„2 



g(q 2 )q 2 -m 2 p -n p - { > 

Note that not only the p meson propagator, but also 7 — p coupling is modified 
by the pion loop as shown in Fig. 3 as follows 



eq 2 eq 2 ell p 



g{q 2 ) 9 g P ™ ' 



(43) 



The constant g determined from the experimental p — > e + e decay width should 
be compared with Ke[g(q 2 )) q 2 =m 2. Using He[g(q 2 )] q 2 =m 2 and experimental re- 
sults of Fp^n, we nn d g and f3 — Gr 2 values. When g is 5.36 and (5 is 0.32, 
gp-K-K goes to 6.037. Under universality (g plT7T = g pl ) used in VMD model, the 
prediction of the pion form factor is underestimated compared to the experi- 
mental values. Brown et.al [jl3[ allows its violation i.e. (3 = g P Tm/g P i = 1.2 
by considering the intrinsic size due to the vector meson. In the papers, for 
example of BrownJl3| and Klingl[[l2), this contribution is attributed to those of 
vector mesons, which are incorporated by the gauge fields in the hidden gauge 
symmetry approach, while in this paper these fields are introduced explicitly 
using the non-linear realization of the chiral symmetry exploited originally by 
Weinberg. 

Using eqs. (31) and (32), we also find physical mass and decay width: 

m pP w 771MeV , T p ^ » 150MeV , m p » 808MeV . (44) 

Finally, the inclusion of p—uj mixing turned out to give another factor to eq.(42) 
in the following way 

F^(q 2 ) = (1 - 9 ^ 2 q l )(1 + 9 -^l- *>*> . ). (45) 

g{q ) 1 - ~ U p g u q 1 - mi- im^Y^ 

The u> meson width r w =8.4MeV is used and the mixing parameter z puJ — 
—4.52 x 10~ 3 GeV 2 from Ref. |l^] is also exploited. The corresponding op- 
timal result for F 7r (q 2 ) compared with experimental datajl5| is shown in Fig. 4. 
Dashed line plots eq.(41), which corresponds to VMD model prediction. Dotted 
line plots eq.(42) i.e. one loop correction is included, while solid line represents 
eq.(45) in which p — uj mixing contribution is taken into account. 
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The form factor in the space like region (g 2 < 0) is also given in Fig. 5. Our 
approach gives a good agreement with experimental result [|l4|. The squared 
pion charged radius becomes 



<rl> = v 



dF ni 

q 2 =0 



= — (— C„ + 0/12 ln( - )) 

= 0.447/m 2 . (46) 

Using the constants determined before, eq. (46) yields a good agreement with 
experimental value < r 2 >= (0.44 ± 0.01)/to 2 . From KSRF relation rh 2 = 
2g 2 ^^f 2 , mean square radius of pion becomes 

1 A 2 

< r 2 >= (— —f ln(— |-) + constant . (47) 

47T/7T 

Therefore, in the chiral limit (m^ — > 0), the pion radius diverges logarithmi- 
cally, which is consistent with ChPTjjT^] . 

3.5 Kaon Electromagnetic Form- factor 

The electromagnetic form-factor of charged kaon is also defined by 

(K ± (k')\J^(0)\K ± (k))=±(k + k'),F K (q 2 ). (48) 

The leading behavior of F^(q 2 ) is obtained just by transcribing the previous 
formalism developed for F 7r (q 2 ) in eq. (42) and replacing the p meson by the <fi 
meson and the pion loop by the kaon loop. It leads to yield the following result 
obtained 



F K (q 2 ) = 1 



V2g<f>K+K- q 2 



->K + K- 



3 g q 2 - rii^ - II^ q 2 - rh^ ~ IT 

y/2p " 2 



3 g(q 2 ) q 2 -m 2 ~n^ 

where the <fi meson self energy has the contributions not only from K + K~ but 
also from K^Kg, i.e., 

110 = H^k+k- + U^KIK" ■ (50) 

The photon coupling of the (j> meson is also modified by means of the charged 
kaon loop including the renormalization 

1 1 3 ^^K+K- 



a<t>{q 2 ) 9 V2g<j,K+K-q 



2 
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Considering the additional contributions of both p meson and w meson. We 
obtain the final form of the charged kaon form-factor 

y/2p " 2 



FK{ f) = 1 + ^*;*; 2 £ 



3 94> (q 2 ) q 2 
9 p k+k- q 2 ^9wk+k- q 2 



9 P {q 2 ) q 2 -m 2 -U p 3 9u>{q 2 ) ? 2 - m 2 - IT 



(52) 



Fig. 6 shows the charged kaon form-factor at the time-like region compared with 
experimental data |T^| . Here the coupling constant Re[<?0(<7 2 )] is approximately 
6.5. And physical <j> meson mass and <j> — > K + K~ , <j> — » KgK^ decay width 
are given by 

m 0P « 1019MeV , rh^ w 940MeV 

F^k+k- ~ 2.32MeV , r^^o w 1.517MeV. 

The kaon form factor at space like region q 2 < is shown in fig. 7. The final 
inclusion of the p and to meson contributions reproduce successfully experimental 
resultspTf. The calculation of the mean square radius of the charged kaon is 
also successfully performed with the p and u> meson contribution 

r dFK \ 

<r K ±> = 6-^| g2=0 

2 

6 ,g P K+K- , 9 p k+k- , , Ai 
= — (— c p k+ . 2 In )) 

+ "'q ^tf" 1 o/i 2 ln( - ^ 

m z 3 <? 247r z 

6 / v / 2 9d>K+K- , 9%k+k- , , Ai 

" —(-5 — V,. 2 ln( )) 

3 g 247r z to_r- 

= 0.332/m 2 , (53) 



where c p k , c w _R-,and c^k determined from the renormalization condition eq.(39) 
are c p k = 0.0308, c^k = 0.0175 and c^k — 0.171. This value agrees well with 
the experimental value [jlTj 

< r K ± >= (0-34 ± 0.05)/m 2 . (54) 

Likewise to the case of pion, in the chiral limit, the mean squared radius of 
charged kaon also diverges logarithmically. 

Finally, the neutral kaon mean square radius is explored. It is obtained from 
eq.(53) replacing the K + K~ coupling by K^Kg. The sign for the p meson 
contribution is changed by g P K° L K° s — ~~9 p k+k- = 0.201, while <f> meson contri- 
bution is remained by 9§k° l k° s = 9<f>K+K- = —4.72. But, from nonet mixing, u 
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meson contribution in the case of neutral kaon is different from that of charged 
kaon as follows, 



9cjK+K~ = 7— To (1 )=1.51 



4gf 2 K [ 9 

(ml - mj) H _ 



9„ Ki K° = V ! f2 -" (1-^)=0.17. (55) 

These constants play important role of understanding the mean square radii of 
both neutral and charged kaon. Final form of mean square radius of neutral 
kaon is given as 

a dFK \ 
<TKo> = 6 d^ 2 =° 

6 9pK° L K° 9pK° L K° s Ai 

- — ^2~\ \-c P K" . 2 ai[ )) 

m z p g 247H mx 

+ ^yig c^_r-o H — — m (~~ )) 

6 V2 g<t,K°KQ S/jKjKS , Ai 

- r c 0^° o/i 2 lr H ^ 

3 5 24?r m K 

= -0.0549/m 2 . (56) 



The different role of intermediate u> meson contribution to K° perfectly repro- 
duces empirical value Jl9[| 

< r KO >= (-0.054 ± 0.0026)/m 2 . (57) 



4 Conclusion 

We extended a chiral effective lagrangian by including the vector and the axial- 
vector mesons as well as pions to SUr(3) ® SUl(3). The meson fields are 
introduced through the non-linear realization of chiral symmetry, which provides 
an easy way of imposing consistency with the ChPT. In order to have mass 
splitting of strange and non-strange particles, the interactions between scalar 
mesons and each meson i.e, vector, axial-vector, and pseudoscalar mesons are 
taken into account. 

For phenomenological side of this lagrangian, pion and kaon electromag- 
netic form-factors and some related decays are calculated. In the process of 
calculating, our effective Lagrangian is shown to give a good agreement with 
experimental data without considering the effects from the higher orders in other 
effective theories. 
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Figure 1: p meson self energy 
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Figure 2: Feynmann Diagram of Pion Form-factor with self energy 
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